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In this paper we study the rate of convergence of two Bernstein—Bézier type
operators B and L® for bounded variation functions. By means of construction
of suitable functions and the method of Bojanic and Vuillemier (J. Approx. Theory
31 (1981), 67-79), using some results of probability theory, we obtain asymptotically
optimal estimations of B® and L for bounded variation functions at points of
continuity and points of discontinuity.  © 1998 Academic Press

1. INTRODUCTION

The object of this paper is to deal with approximation of bounded varia-
tion functions with two Bernstein—Bézier type operators. Let P, (x)=
(1) x*(1 —x)"~% (0 <k <n) be the Bernstein basis functions. Let J,,(x) =

7_x P,y(x) be the Beézier basis functions, which were introduced by
P. Bézier [2]. For a> 1, and a function f defined on [0, 1], the Bernstein—
Bézier operator B is defined by

Bi(f.x)=
k

n
fk/n) Q3 (x), (1)
=0
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and, for a function f'e L,[0, 1], the Bernstein—Kantorovich-Bezier operator
L™ is defined by

n

LPfx) = +1) ¥ 00 | S dr (2)

where I,=[k/n+1,k+1/n+1] (0<k<n), and QO (x)=J5 (x)—
T ke1(X) (Jo ni1(x)=0). It is easily seen that B®n and L are positive
linear operators, B“(1, x)=1, L(1, x)=1, and when o = 1, the become
the well-known Bernstein operator

B,(f. x)= Z (k/n) Py(x), (3)
and Bernstein—Kantorovich operator

L,(f.x)=(n+1)

L
o
~

x) | s de 4)

Let us first recall some results on the operators B and L', which are
relevant to this paper. The Bernstein—Bézier operator B was defined by
Chang [3] in 1983. Chang studied the convergence of B and showed that
for feC[0,1], lim,_, , ., B™(f, x)= f(x) is uniform on [0, 1]. In 1985,
Li and Gong [14] estimated the rate of convergence of B®(f, x) for
feC[0,1], and gave the following result.

THEOREM A. For fe C[0, 1], we have

(14+o/4) w(n=2, 1), a>1

@) _
1B,7(f, x) f(x)|c[°’”<{Mw(n_“/2, I3 0<a<l

where w(9, ) is the modulus of continuity of f(x). M is a constant depending
only on o and f.

In 1986 Liu [11] obtained an inverse theorem for B™ in C[0, 1] as
follows:

THEOREM B. Let feC[0,1], a=1 and 0 < f <1 such that

B, x) = f(x)] < M(max{n~", {/x(1 —x)/n"?})~

where M is a constant; then f € Lip p.
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The Bernstein-Kantorovich-Bézier operator L{™(f), which is well
adapted to approximation in the space L,(0, 1), 1 <p < oo was studied by
Liu[ 5], who proved:

TaeoreM C. Let 1 <p < oo. Then we have for any fe L,0, 1),
ILP(f) = fll, < Mo(f,n™12),

where w(f,t),, is the modulus of continuity of f in L,[0,1], and M is a
constant depending only on o and p.

In this paper, we shall consider the approximation of the operators B
and L™ in the space BV[0, 1] and give asymptotically optimal estimates
on the rate of convergence of B and L™ for functions of bounded varia-
tion. We recall some results for Bernstein operator B,, which are important
for this paper.

Herzog and Hill [ 13] proved that if / is bounded on [0,1] and x is a
point of discontinuity of the first kind, then

lim B,(f,x)=3(f(x+)+f(x—)). (5)

n— oo

Consequently, if fis a function of bounded variation on [0, 1], then (5)
holds for all xe (0, 1).

In 1983 Cheng [4] gave a rate of convergence of B, for normalized
bounded variation functions as follows:

Let f be of bounded variation on [0, 1]. Then for every x€ (0, 1) and
n=(3/x(1 —x))8, we have

|B(f, X) = 3(f(x +) + flx =)
3
X+ l—xf
Pl Z anty LT
18
+—7 55 | f(x+)—flx—)I (6)

n(x(1—x))
where V%(g,) is total variation of g, on [a, b], and

() —=flx+), x<t<1;
g.(1)=<0, t=x;
S —flx—=), 0<i<x
In 1989 Guo and Khan [6] generalized Cheng’s work by dealing with

the approximation of Feller operators, which include some -classical
operators such as Bernstein, Szasz, Baskakov, and Weierstrass operators.
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In this paper, we shall improve and extend Cheng’s work from another
aspect by dealing with the approximation of two types of non-Feller
operators, B™ and L, for bounded variation functions. (B and L,
except B!V, are not Feller operators, that is, B®™(z, x)#x, and
L™(t, x) # x; see 38, 40.) Furthermore, at the end of Section 2 we give an
estimation for Bernstein operator B,, which improves the result of Guo
and Khan [6, (3.2)]. Our main results can be stated as follows:

THEOREM 1. Let [ be of bounded variation on [0,1]. Then for every
xe[0,1] and n=1, we have

‘Bi,“)(f, 0| s+ (1-5) f(x—)”

2 X
30( - +(1—x
ST 2, VA )
2
b (|flx ) — Sl + e ) L)~ flx =) (T)
nx(l—x)+1

where

e(x)_{o, if x#k/n  forall keN
w0, if x=kn  fora keN

(when x=0, (resp.. x=1), we set (1/2%) f(x+)+(1—(1/2%) fix—)=
S(0) (resp.: f(1)).

THEOREM 2. Let f be of bounded variation on [0,1]. Then for every
xe(0,1) and n>1/3x(1—x), we have

1 1
L0 | g s+ (155 x|

i px+a —x)/ﬁ(gx)

<nx(l —x)+1,%2, ok
[/(x+)—flx =)l (8)

In the particular case a =1, our Theorem 1 improves the result (6) of
Cheng. Moreover, our results provide a more general case, since our
bounded variation functions are not necessary normalized. In the last part,
we shall prove that our estimates are asymptotically optimal for bounded
variation functions at points of continuity and points of discontinuity.
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Remark 1. The estimation term

20

men(x) |f(x) = f(x—)I

on the right of (7) is indispensable even when a=1. The estimate (6) is
incorrect without this term for unnormalized functions of bounded varia-
tion. For example, for the function

1, t
0, 0<r<i or 3<t<l,

s =

fo(2) is of bounded variation on [0, 1]. However estimate (6) is not true for
fo(t), n=2m positive even number, and x = 3.

Using the Korovkin Theorem, we deduce from Theorems 1 and 2:

CorOLLARY 1. [If f(t) is bounded on [0,1], and if xe(0,1) is a
discontinuity point of the first kind of f(t), we have:

fim B0 =5 S0k + (1= 50 ) Al ©)
and
fim L0 =5 )+ (1255 ) Al ) (10)

As a=1, from (9) we obtain the result (5) of Herzog and Hill.
A part of our results has been announced in [7].

2. PROOF OF MAIN RESULTS

We will need the following lemmas for proving our results. Lemma 1 is
the well-known Berry—Esseen bound for the classical central limit theorem
of probability theory. Its proof and further discussion can be found in
Loéve [8, p. 300] and Feller [9, p. 515].

LemMa 1. Let {&,} 2 be a sequence of independent and identically
distributed random variables with finite variance such that E(¢,)=a, e R=
(—o0, +0) Var(&,)=b3>0. Assume E |E; — EZ, | < oo, then there exists
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a numerical constant C, 1//2n < C<0.8, such that for all n=1, 2, ..., and
all t,

E|¢& —E& P

Jnby
(1)

P T Gmasr) =] eral<c

bl n k=1 \/2771

LEMMA 2. For xe[0, 1], we have

1| 08(2x2—2x+1)+1/2
P (x)—=|< (12
nx<zk<n k( ) 2‘ «/nx(l—x)—i-l )
and
I 08(2x2—2x+1)+1/6
P (x)—=|< 13)
nx;,cg,, <L) 2‘ Jx(1—x)+1/3 (

Proof. Let &, be the random variable with two-point distribution
P =j)=x/(1—x)'77 (j=0,1, and xe[0,1] is parameter), hence

a,=FE& =x, b;=./x(1 —x), and E |, —E& P =x(1 —x)[x?+ (1 —x)2].
Let {&.} 29 be a sequence of independent random variables identically
distributed with &,, ,=>7%_, &,. Then the probability distribution of the
random variable 7,, is

So

> Pnk(x)zP(nx<;7n<n)=l—P(iyngnx)zl—P<W<0>.
nx<k<n )
By Lemma 1, we get

1 — 1
ol

nx<k<n nx(l—x
C E|&E—E&|]P 08(2x2—2x+1)
<—F= 3 <
\/i; by nx(l —x)

and noticing that |Y . <k <, Pu(X)— 3| <3, (12), (13) are obtained.
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From Lemma 2 we can prove that

1] 08(2x°—2x+1)+1
Z Pnk(x)_i <
(n+1l)x<k<n 2 «/nx(l—x)—i—l

In fact, the interval (nx,nx+ x] includes an integer k' at most. By
[10, Theorem 1], we have

(14)

for 0<k<n.

1 1
X)</2?,/nx(l —x)’

Hence, by Lemma 2

1 1
Z Pnk(x)_‘< Z P,,k(x)—* +P(nx<’7n<nx+x)
(n+1l)x<k<n 2 nx<k<n 2
0.8(2x% —2x +1
2D p )
nx(1 —x)
08(2x*—2x+1) 1 1
< +

nx(1 —x) \/276 nx(l—x)'

Now (14) follows with the fact |¥ 4 1) x<k<n Pu(X) — 3|

N

1
3
LemMA 3. For xe€[0, 1], there holds

3 o

() - -
Qniclx) < 2 nx(1—x)+1

and

5 o
6 /ux(1—x)+1/3

0 (x) <

Proof. 1Tt is easy to verify that |a*—b*|<ala—b| (0<a, b<1, a=1),
and by [ 10, Theorem 1], we obtain

SR S
\/27@ nx(1 —x)'

Since 0%(x) <1, (15), (16) are proved.

O(x) SoPy(x) <



376 ZENG AND PIRIOU

Now we define the function sgn(z) by

2%—1, t>0;
sgn(t) =<0, t=0;
—1, t<0.

Estimates of B®(sgn(z— x), x) and L*(sgn(¢— x), x) are important for
proving our theorems.

LEMMA 4. We have

Bﬁf)(sgn(r—x),x):z“( » Pnk(x>>“—1+e,,(x>Q£:2(x). (17)

nx<k<n

Proof. Since

BR(sgn(t—x),x)=(2*=1) Y ORx)— Y 0ORAx)

nx<k<n 0<k<nx
and

I=BP(Lx)= Y OR)+ Y OR(x) +e,(x) 0R(x),

nx<k<n 0<k<nx

it follows that
B(sg(t — x), x)

=2"=1) ¥ ORx) - {1— Y OR(x) —ey(x) OR(x)

nx<k<n nx<k<n
=2“( D P,,k<x>> 1 te(x) 09(x).
nx<k<n

LEMMA 5. We have

‘WB;@(SE“HU_X)’ x)

1 1
+[f(x)—2uf(X+ )= (15 fx =) B,

(1f(x+) = fx =) +eu(x) [/(x) = flx=))  (18)

ﬁ/ 1— )+1
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and
’f(x-i_)z_f(x_)B;“)(sgn(t—x),x)
# o= sy = (1-52) s | BB )
0.8(2x>—2x+1)+1/6 — fx—
nx(1—x) +1/3 i) = el
+§ocen(x) [f(x)—f(x—)l (19)
6 /nx(1-x)+1/3
where
0, t#X;
5x<t>={1, L

Proof. We have B®™(4,, x) =e,(x) 0'%(x). By (12), (15), and Lemma 4
we get
‘f(x : )2_°‘f(x_ B — ), %)

#| 10— o) = (1-52) £ | B

=!WP“< z..reo) =]

nx<k<n

+ L) = flx =) e,(x) O52(x)

4 o
< T M) S
e )~ )l

2. /nx(1—x)+1
20

S—F————— ([flx+) = flx =) +eux) | f(x) = f(x=)]),
nx(1—x)+1

and from (13), (16), and (17), we get (19).
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LEMMA 6. The following inequality holds:

Jx+)—flx—)
2(1

S, N )

L™(sgn(z — x), x)
nx(1—x)+1

Proof. Let xe[k'/n+1,k'+1/n+1); then

L®(sgn(r—x), x)=(n+1) Z 0(x )j sgn(z —x) dr
k=0 I

=2% ¥ QR(x)—1+2°QR(x)(k —nx—x)

k=k

<

2 < » P,,k<x)>“— ! ‘ 1208 ().

(n+1)x<k<n
Using (14) and Lemma 3 we get (20).
Let
Y 0W(x), 0<r<l

KX, 1) = k<m
0, t=0

and

KQ\(x,1)=
k

(n+1) QR(x) (1),

0

NgE

where y, is the characteristic function of the interval [, with respect to
I=[0,1].
We recall the Lesbesgue—Stieltjes integral representations:

BO(fx) =] S04 KD 1) @)
and
L= 1) K2 x 0y dr (22)

0

LemMA 7. For every xe€ (0, 1), and n>1/3x(1 — x), we have

2x(1 —x)

LO((1—x)% x) <
n
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Proof. After simple calculation, we get

L1, x)=1,

1—-2x
L1, x) = ,
w (LX) =Xt
2—-3x) 1—6x+6x>
LO(£2 x) = x2 x(
A A T ES 1L

Hence, as n>1/3x(1 —x), there holds

x(I—x) 1—6x+6x> 2x(1—x)

LO((f—x)2 x) =
n (1= X)%X) == 3t 1)

LemMA 8. Let x€(0, 1); then

(i) For 0<y<ux, we have K("(x, y) <ox(1 —x)/n(x— y).
(i1) For x<z<1, we have 1 —Kf:fx(x, z)<oax(l —x)/n(x —z)2

Proof. Let

Y Pu(x), if 0<r<l;
(x’ t)= k<nt
0, if 1=0.

Then

M i y(x—t\?
Kin ») <ok ) =oc [ K (v n<a [ (=) ) 4o 0

L A M=)
SWL (x—1)7d,K,(x, Z)—ocn(x_y)z. (24)

Similarly (ii) is proved.

Using a similar method we prove

Lemma 9. For xe(0, 1), if n>1/3x(1 — x), then
(i) For 0<y<ux, we have [§ K& (x, t) dt <2ax(1 —x)/n(x — y)2

(ii) For x<z<1, we have [} K?)(x, 1) dr < 20x(1 —x)/n(x

Now we need estimates of B(g,, x) and L™(g,, x).
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LEmMMA 10. For n>1, we have

3a i
B® <— px+1=x)/i/k 25
| n (gx7 -x)l nx(l_x)+1k§l x— x/\/]; ( ) ( )

Proof. The proof of this lemma is based on the method of Bojanic and
Vuillemier [1] (see also Cheng [4]). We decompose [0, 1] into three
parts:

IF=[0,x—x/\/n],  1¥=[x—x//nx+(1—-x)//nl,
=[x+ (1-x)//n11.

By (21), we have

1
Bif‘)(gx,X)=L gx(1) A KL0(x, 1) = Ay (f. %) + Ao fo X) + 45 ,(f. %)

where

L) =] e (0d KL (xn)  for j=12.3.

J

For 1€ 13, we have |g,(1)] =|g.(1) — g.(x)| < V30 9W(g).
So

[l XS VEHG 2N (g n_l Z gatty LU ERRNEY)

To estimate 4, ,(f, x), let y=x—x/ﬁ. Using partial integration and
Lemma 8, we get

Aol =| [ et K

= ety K = [T KD 0 (o)

V38 KiGe )+ [ K 0 4= Vigo)

<V3,(gy)

oax(1—x) ocx(l—x)JY 1
n(x—y)? n 0
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Since
y 1 1 y 2
o d(—VHg)) = —— VgLt Vi(g,) ———dr
Jy o = Vie = o Ve [ Vi)
we have
ax(1l —x) oax(1l—x) > 2
A <———V3 —| V7 —dt
A < 5 Vilg) + = | Vi)
Putting t=x —x/\/;t for the last integral, we get
o 2 |
J, Vite) o di= S vt ds s T Vilg)
Consequently
y <ocx(l—x) N ocxl—x " 7
| l,n(.ﬁx)|\7 Volgx) + Z Vi_ysr(gs) (27)

Using the same method for estimating |45 ,(f, x)|, we have

5 0] <X oy LU S iR (28)

n(1—x2 28T a1 =2 &

From (25), (27), (28), it follows that

xx/

B8 ¥) | S z ViU ooVE(g,).
On the other hand, noticing that |B*(g,, x)| < V(g,), we get (25).
In the same manner, we can prove

Lemma 11.  For every x€(0, 1), and n>1/3x(1 —x), we have

Sa r
[(a) < 2 I/x+(1 x)/f 29
| n (gx’x)| n.x(l x) lk:1 x— x/\//; ( ) ( )

Now we prove Theorems 1 and 2. Note that for all ¢

1 1 — —
fi0 =g fir )+ (1= ) =)+ gt + 72

1 1
#oun)| S0~z flrt )= (1= ) x| (30)
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and BY(0,, x) =e,(x) Q[(x), LP(J,, x) =0, we get

B | g s+ (152 s |

Z(X
<I1BO(g, x| + ]WB;“%s’gn(z_m, %)
1 1
#| s g o) = (1252 ) s | BRG] o0
and
1 1
L | s+ (1) x|
<10+ LS i -0, 2

By Lemmas 5 and 10, we obtain Theorem 1; and by Lemmas 6 and 11, we
obtain Theorem 2.
To prove Corollary 1, we deduce from Theorem 1 that

lim BY((1—x)? x)=0.

n— + oo

Noticing that g, (z) at point x is continuous, by the well-known Korovkin
Theorem, we have

lim B®(g., x)=0

n— + oo

and by Lemma 5, the right member of (31) tends to 0(n —» + ), and (9)
is proved.

The proof of (10) is analogous.

We have proved Theorems 1 and 2 and Corollary 1. We conclude this
section by giving an immediate consequence of (30), (19), and (25):

ProPOSITION 1. Let f be of bounded variation on [0, 1]. Then for every
x€[0,1] such that f(x)=(f(x+ )+ f(x—))/2 and every n>1, we have
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B0 | g s+ (155 s |

3a i px+— x)/f( )

<7
nx(l—x)+1,2, >k
5
+{0.8(2x2—2x+1) 1/6-1-12 ()]

o

X«/nx(l—x)+1/3

(when x=0, (resp.. x=1), we set (1/2%) f(x+)+(1—(1/2%)) f(x—)=
S10), (resp.: f(1)).

In the particular case a =1, our Proposition 1 improves a result of Guo
and Khan [6, (3.2)].

|f(x+)—flx—)

3. OUR ESTIMATES ARE SHARP

We shall show that our estimates are asymptotically optimal when
n— +co. First we need the following lemmas:

LemmA 12. For xe(0,1), f(2):|t—x|; then for n>256/x(1—x), we
have

1 /x(1—x)\?
L=l 0> 5 () (33)

Proof. Let B,(f,x)=>7%_, f(k/n) P,(x) be the Bernstein operator;
then

B,(It— x|, x) = L{P(]t — x|, x)

<S(+1) Y Pulx) [ (10— x| — lkfn—x|| dr

k=0 I

<tn+l) Y Pou(x) [ |t—k/n] dt
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By [4, (2.6)], as n>256/x(1 — x), there holds

1>1<x<1—x>>“2_1
2”16 n 2n

1 <x(1—x)>1/2
Z>—|— .
32 n

LEMMA 13.  For n a positive even number n=2m (m=1, 2, 3, ...), we have

1 N 1
—Js o) = 34
2 ’"“<2>><4> Jn G4

LiP(1t = x], x) = B,(|t —x], x) —

Proof. Obviously,

2m m—1 2m
z P il (3)=1, and Z sz,k(%) = Z sz,k(%)
k=0 k=0 k=m+1
So
JZm,m+l(%) 2 1})Zm m( ) %

Using Stirling’s formula n!=(27n)? n"e ~"e%/12" where 0<0,<1, we
obtain

P <l> (2m)! <1>2’" eVam/24m
o _(m!)2 2) JSam efmom
So we have

11 1 1 1
2\/,;<1/2/7T€_1/6\/I;<P2m’n<2>< 2/7'561/24ﬁ. (35)

By the mean-value theorem and the above inequality for J,,, .. (3), it
follows that

o N1 N1 1
?_JZm,m+l 5 :?_JZm,m+l 2 =&Y, §P2m,m E

where 1/4 <Jp i 1(3) <7 <3
From (35), we have

w1l p <1>>a<1>“_11 11><1>“1
"oy g 4) 22 /n \&)
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Now we prove that our estimates (7) and (8) are asymptotically optimal

for continuity points and discontinuity points of bounded variation
function f(¢). If x is the continuity point of f, (7) and (8) become

IBE:")(f,X)—f(x)Issi T 6

nx(l_ x— x/ k

and

o N y Sa - X+ X
L) = S S e o El verQooNks) o (3T)

For a+#1, consider f(¢)=1t;, from (36) and [11, Lemma 4], when n is
sufficiently large, we have

x(1—x) 6a

\B(“), - <
N A Ny raerayn

where C, is a positive constant and

G (38)

(o) oy = < (0!)
L™9(t, x)—x= <z=:0 (k/n) Q@ (x)— x>+n+

1§ umozo)
(39)

Hence from (37) and a simple comparison between L{™(z, x) and B™(z, x),
when 7 is sufficiently large, we have

x(1—x) 10a

\L(“) s - <
N Ny ravay-

where C, is a positive constant.
When a=1, for B(" the conclusion is known (see [4]). For L'V, we

n o

take f(¢) = |t —x| (0 <x < 1), by (33) and (37), if n > 256/x(1 — x), we have

1 /x(1=x)\"? W le_ 10
1 ) B LR ereme vy A

From (38), (40, (41), we deduce that (36) and (37) cannot be asymp-
totically improved when n — + co.

G

(40)
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For the discontinuity point of f, when g, =0, (7) and (8) become

\B?Uﬂ»—[lﬂx+>+<r—;>ﬂx—ﬂ‘

2“
2
2 () =S Fel) ) —fx ) (42)
nx(l—x)+1
and
1 1
L0 | g s+ (125 ) s
e et — Sl (43)
Jrx(l—x)+1
We take
I, o0<r<}
f(l):{o, 1<t<1

and x=1, n=2m. Now g,(¢)=0.
By Lemma 13 and (42), we get

<;>m\}£< ‘Bi“)(f, X)—[zlaf(x+)+<1 —21a> f(x—)”gz. (44)

Therefore, (42) cannot be asymptotically improved when n — + oo, and the
proof of the same property for (43) is similar.

Remark 2. Some other classical operators, such as those of Szasz,
Baskakov, and Meyerkonig and Zeller, can be modified in a way similar to
that for the Bernstein operator. The methods for approximation of these
modified operators are different. We shall discuss them elsewhere.
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